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Abstract
Let X P rC be a smooth variety of dimension n and degree d. There is a well-known conjecture
concerning the k-regularity, saying that X is k-regular if k  d− r+ n+1. We prove that X is
k-regular if k  d−r+n+1+(n−2)(n−1)=2 when n  14 (or, more generally, when X admits
a general projection in P n+1 which is \good"), recovering the known results for curves, surfaces,
threefolds (when r > 5), and improving the known results for fourfolds and higher-dimensional
varieties of codimension > 2. c© 2000 Elsevier Science B.V. All rights reserved.
MSC: 14M07; 14N05
0. Introduction
Let X be a smooth algebraic variety in the projective space Pr over the complex eld
C. It is classically known that the natural restriction map H 0(OPr (m)) ! H 0(OX (m))
surjects when m is suciently large; the knowledge of the exact point in which the map
becomes surjective is however relevant for understanding the geometry of projective
varieties (let us cite, for instance, the applications to the study of low-codimensional
objects).
Classically, Castelnuovo found the minimum value d − 2 for which the restriction
map surjects, for every irreducible curve X P3 of degree d> 3. This result was
extended by Gruson, Lazarsfeld and Peskine to curves in any projective space. In fact,
in their paper [4] they point out the following:
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Conjecture 1. Let us say that a variety X Pr is m-normal if the map H 0(OPr (m))!
H 0(OX (m)) is surjective.
If X is smooth of degree d and dimension n; then X is m-normal whenever
m  d− r + n:
Observe that saying that X is m-normal is the same as saying that h1(IX (m)) =
0, where IX is the ideal sheaf of X . It should be noted that, at least for general
low-dimensional objects (curves, surfaces), the conjectured bound is the best one can
hope, as there are examples of non-normality for m= d− r + n− 1.
Conjecture 1 is obviously implied by the following more general conjecture on the
Castelnuovo{Mumford regularity of X .
Conjecture 2. Let us say that a variety X Pr is k-regular if Hi(IX (k − i)) = 0 for
every i  1.
If X is smooth of degree d and dimension n; then X is k-regular for
k  d− r + n+ 1:
A proof of the above conjectures for irreducible projective curves was given by
Gruson et al. [4]. A few years later Pinkham [9] and Lazarsfeld [7] proved the con-
jectures for smooth projective surfaces. In higher dimension, the problem is still open,
and we refer to the introduction of [5] for a survey on the actual achievements. Let
us recall only a set of results:
 (Bertram et al. [2]): Any smooth variety is m-normal for m  minfr − n; n + 1g
(d− 1)− n.
 (Alzati [1]): Any smooth variety of codimension 2 in Pr(r  6) is k-regular for k 
d+12 r(r−1)− 14 (r−1)(r+4), hence m-normal for m  d−1+12 r(r−1)− 14 (r−1)(r+4).
 (Kwak [5]): Any smooth threefold is k-regular for k  d− r + 5, hence m-normal
for m  d− r + 4 (which is the conjectured value +1).
 (Kwak [5]): Any smooth fourfold is k-regular for k  d − r + 9, hence m-normal
for m  d− r + 8 (which is the conjectured value +4).
 (Kwak [6]): A smooth threefold in P5 is k-regular for k  d− 1, and m-normal for
m  d− 4.
We want to give a contribution in this direction. Our main result considers only
varieties X whose general projection p to Pn+1 is good, i.e. for all j the sets of
points with ber of length  j has the expected dimension (see Denition 1.2). It
is a question of independent interest to know whether general projections of smooth
varieties are good. In any event, Mather [8] proved this fact when dim(X )< 15 (see
Remark 1.3 for a discussion on the subject).
Based on the notion of good projection, we can prove the following:
Theorem (see Theorem 2.5). Let X Pr be a smooth variety of dimension n and de-
gree d; whose general projection p :X !Pn+1 good. Put M :=d − r + n +
[(n− 2)(n− 1)]=2. Then
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(i) X is k-regular for k >M ; in particular;
(ii) X is m-normal for m  M .
Comparing with the previous results, our bound matches exactly with Kwak’s result
for threefolds, while it improves Kwak’s result for fourfolds and higher-dimensional
varieties (see [5, end of p. 2]). We also note that the distance between our result and
the conjectures 1 and 2 is (n− 2)(n− 1)=2, for a variety of dimension n.
As in all the previously, quoted results, our procedure consists in a renement of
Lazarsfeld’s argument introduced in [7], which we recall briey in the rst section,
while our main contribution, contained in Section 2, consists in a careful study of a
stratication of p(X ) arising from the Hilbert function of the bers of p. We believe
that, in this environment, for getting closer to the conjectures one needs a much deeper
understanding of the structure of bers, whose achievement seems however quite hard
(see [7, Remark 1]).
1. Preliminaries: Lazarsfeld’s background
We recall in this section Lazarsfeld’s construction for a resolution of pOX , which
is the usual approach for this investigation (see [7,1,5]).
Let X Pr be a closed subscheme of dimension n and let p :X ! Pn+1 be the
projection of X from a linear space Pr such that dim= r− n− 2 and X \= .
Of course, we can manage so that all the bers of p are nite.
Lemma 1.1. Any F 2 H 0(OPr (h)) induces a morphism of sheaves
F :OPr (−h)! pOX :
For z 2 p(X ); under the identication H 0(Op−1(z)) = (pOX )⊗ (z); the image of the
corresponding restriction map
F;z : (OPn+1(−h))⊗ (z)! (pOX )⊗ (z);
identies with the vector subspace generated by the function (F=G)jp−1(z) where G 2
H 0(OPr (h)) is any polynomial that does not vanish at any point of p−1(z).
Proof. Let us rst remark that, by the projection formula, we have (p(OX )(h) =
p(OX (h)) and
(pOX )⊗ (z) = p(OX ⊗ p((z))) = pOp−1(z):
Moreover, since the morphism p is nite, it follows:
H 0(OX (h)) = H 0(pOX )(h)); (1)
(pOX )⊗ (z) = H 0(Op−1(z)): (2)
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By (1) we have the morphism of sheaves
F :OPn+1 ! (pOX )(h)
dened by F(1) = F , which by (2) induces the morphism F;z of our claim.
Denition 1.2. Let p :X ! Pn+1 be the above projection and put
Sj := fz 2 Pn+1 j deg(p−1(z)) = jg:
Note that the Sj’s are locally closed, because the function z 7! dim((pOX )⊗(z)) is
upper-semicontinuous due to the coherence of pOX as an OPn+1 -module. In particular
dim Sj makes sense.
We say that p is good if for every j:
dim Sj  maxf−1; n− j + 1g
(we agree that the empty set has dimension −1).
Remark 1.3. Through this paper we only consider varieties X Pr for which a general
projection p :X ! Pn+1 is good.
It is a long standing question whether all smooth varieties have this property. This
is clear for curves and quite clear for surfaces, but becomes hard in higher dimension.
Classical geometers believed this fact, but their proofs, like the one of Bertini, are
based on a statement of irreducibility, which is false.
In the early 1970s, Mather proved the following fact:
 The general projection p :X ! Pn+1 is good when dim(X )  14.
Mather’s result (see [8]) is in fact deeper and relies on a dierential geometric study
of the bers.
When dim(X )  15, the question of the goodness of a generic projection is still
open. In fact, Ran reports in [10], Remark 4, that a construction of Flenner suggests
the existence of smooth varieties of dimension n with non-good generic projection to
Pn+1. However after [3], we know that passing from Flenner’s construction to counter-
examples still has some gaps.
Let us choose now in Pr coordinates T0; : : : ; Tr such that the center of projection 
is dened by the equations T0 = T1 =   = Tn+1 = 0 and let
  0 :OPn+1 ! pOX be the canonical morphism;
  1 :OPn+1(−1)r−n−1 ! pOX be the morphism given by  1 = Tn+2 +   + Tr ;
  2 :OPn+1(−2)N!pOX , with N :=

r+2
2

, be the morphism given by
P
0i jr TiTj ;
where the morphisms ’s are dened as in Lemma 1.1.
Set
G :=OPn+1  OPn+1(−1)r−n−1  OPn+1(−2)N :
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We have an induced map
w2 :=  0 +  1 +  2 :G! pOX :
The main idea for attacking the conjectures would be to prove the surjectivity of w2;
this is the main point in Lazarsfeld’s proof of the conjectures for surfaces.
Going to higher dimension, w2 seems no longer sucient to ensure surjectivity (see
[7, p. 425; 5, p. 3] for a discussion of this point) and wider maps should be used.
So we arrive to the following extension of Lazarsfeld’s argument:
Theorem 1.4. Assume we have a surjective map:
wa :G OPn+1(−3)n3      OPn+1(−a)na ! p(OX )
and put
M :=d− r + n+
aX
i=3
(i − 2)ni:
Then X is k-regular for k >M .
The proof relies on the fact that Ker(wa) ts into a regular sequence
0! Ker(wa)! B ! A ! 0;
where A is a sum of line bundles and the dual of B is x-regular for
x =
M − 1 + c1(Ker(wa))
1− rank(Ker(wa)) :
(See [5, Proposition 2.3] for the details.)
In view of this, one is led to prove the existence of a surjective map wa with the
numbers ni’s as small as possible, and the conjectures would follows if ni=0 for all i’s
(i.e. if w2 is surjective). For instance, Alzati gets his results in codimension 2 starting
with a= r− 1 and ni =1; i=3; : : : ; a. Kwak’s result for fourfolds is a consequence of
the surjectivity of w4, with n3 = 2 and n4 = 1.
2. The bound
Our main remark on the bound of regularity follows by extending this fact:
Remark 2.1. For every z 2 Pn+1 we have
rankw2; z  minf3; degp−1(z)g:
Indeed by Lemma 1.1, lm(w2; z) is identied with the subspace generated by the
functions 1; (Ti=H)jp−1(z); (ThTk=H 2)jp−1(z), where i = n + 2; : : : ; r; h; k = 0; : : : ; r and
H=0 is any xed hyperplane not meeting p−1(z). Since the polynomials ThTk generate
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H 0(OPr (2)), it follows that lm(w2; z) is generated by ThTk=H 2, i.e. it is identied with
the image of the restriction map
H 0(OPr (2))! H 0(Op−1(z)(2)) = H 0(Op−1(z));
the isomorphism being the division by H 2. It follows that rank w2; z = h(2), where h
is the Hilbert function of p−1(z).
Now, whatever the zero-dimensional scheme p−1(z) is, it is well known (just use
linear equations, or apply the following Remark 2.2) that if deg (p−1(z))  2 then
h(2) = deg(p−1(z)), while if deg(p−1(z))  3 then h(2)>h(1)>h(0) = 1, whence
our claim.
Notation. From now on, for any scheme YPr call hY the Hilbert function of Y and
resY (n) :H 0(OPr (n))! H 0(OY ) the residue map.
We need the following remark, which is straightforward, but probably not so widely
known as it should.
Remark 2.2. Let Y be any zero-dimensional subscheme of Pr , of degree s. Then
(i) if t is a positive integer such that hY (t) = hY (t + 1), then hY (j) = hY (j + 1) = s
for all j  t;
(ii) the Hilbert function hY (j); j  0, is strictly increasing until it reaches its maxi-
mum s; in particular hY (s) = s and resY (s) is surjective.
Indeed for every j we have hY (t) = dim Im(resY (t)) and the cokernel fo resY (j) is
exactly h1(IY (j)), whence hY (j) = s − h1(IY (j)); so our assumption in (i) reads as
h1(IY (t)) = h1(IY (t +1)). Now take any hyperplane H which does not intersect Y and
consider the exact sequence:
0! H 0(IY (t)) H−!H 0(IY (t + 1))! H 0(OY )! H 1(IY (t))! H 1(IY (t + 1))! 0:
It follows that H 0(IY (t + 1)) surjects onto H 0(OY ), hence the same happens for all
j> t, whence (i). Since hY (j)  h0(OY ) = s, (ii) is an immediate consequence of (i).
Proposition 2.3. Set F2: = G and Fi =Fi−1  OPn+1(−i) for every i  3. If p is
good; then for every i = 2; : : : ; n; there exists a morphism of sheaves
wi :Fi ! pOX
such that
dimfz 2 Sj j rankwi;z  hg  maxf−1; dim Sj − i + h− 1g;
whenever h  i + 1 and h<j.
Proof. Let us denote by Zi;h; j the subset fz 2 Sj j rankwi;z  hg. Note that each Zi;h; j
is locally closed, since the function rank wi;z is upper-semicontinuous and Sj is locally
closed; in particular it makes sense to consider their dimensions.
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We proceed by induction on i. For i = 2; w2 is the morphism dened above. We
need to show that for h  3; h< j we have dim Z2; h; j  maxf−1; dim Sj + h− 3g. If
h = 3, this follows by: dim Z2;3; j  dim Sj  maxf−1; dim Sjg, while for h  2, by
Remark 2.1 we have Z2; h; j = fz 2 Sj j rankw2; z = 0; 1; 2g= ;, and we are done.
Assume now i  3. We show that there exist polynomical Ft 2 H 0(OPr (t)) (t =
3; : : : ; i), such that wi :=w2 + F3 +   + Fi has the required property, i.e.
dim Zi−1; h; j  maxf−1; dim Sj − (i − 1) + h− 1g;
whenever h  i and h<j.
Assume wi−1 has been constructed, and set wi :=wi−1 +F , where F 2 H 0(OPr (i))
is a polynomial to be found. Since Zi; i+1; j  Sj, then
dim Zi; i+1; j  dim Sj = dim Sj − i + (i + 1)− 1
and this proves the claim for h=i+1<j (any choice of F). Observe that if Zi−1; h; j=;
for every h  i and h<j, then it is enough to choose F = 0; in fact we get rank
wi;z = rankwi−1; z for every z 2 Pn+1, whence Zi;h; j = Zi−1; h; j = ; for every h  i and
h<j, and we are done.
Assume now that some of the Zi−1; h; j (h  i and h<j) is non-empty and let
Z1; Z2; : : : ; Zs be all their irreducible components. For every l = 1; : : : ; s x a point
yl 2 Zl and dene Yl=p−1(yl). Since yl 2 Zi−1; h; j for h<j=deg(p−1(yl)), then the
residue map resYl(i−1) cannot surject, therefore by Remark 2.2 the Hilbert function of
Yl is strictly increasing at i−1; since we work over an innite led, this means that there
exist an F 2 H 0(OPr (i)) and a hyperplane H not meeting any of the bers p−1(yl),
such that (F=H i)jp−1(yl) 62 Im(resYl(i − 1)), hence (F=H i)jp−1(yl) 62 Im(wi−1;yl) for
every l= 1; : : : ; s. Set wi :=wi−1 + F .
By construction we have rank wi−1; z  ranwi;z  rankwi−1; z + 1 for all z 2 Pn+1,
while rank wi;yl=rankwi−1;yl+1. It follows that Zi;h; j is closed in Zi−1; h; j, and moreover
every irreducible component of Zi−1; h; j contains at least one point not belonging to
Zi;h; j.
By the inductive assumption we have, for h  i and h<j:
dim Zi−1; h; j  maxf−1; dim Sj − i + h− 1g;
hence
dim Zi;h; j  maxf−1; dim Sj − i + h− 1g:
which concludes our proof.
Corollary 2.4. Assume p to be good. Then there exists a surjective morphism of
sheaves
G OPn+1(−3)     OPn+1(−n)! pOX :
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Proof. By Proposition 2.3, for i = n, we have
dim Zn;h; j maxf−1; dim Sj − n+ h− 1g
maxf−1; n+ 1− j − (n+ 1) + hg=maxf−1;−j + hg=−1;
whence, Zn;h; j = ; for all 0  h  n+ 1 and h<j.
By the denition of Zi;h; j it follows that rank wn;z = j for all z 2 Sj; hence, wn;z is
surjective for all z 2 Pn+1.
Putting together Corollary 2.4 and Theorem 1.4 one gets the main result.
Theorem 2.5. Let X Pr be the smooth variety of dimension n and degree d; such
that a general projection p :X ! OPn+1 is good (e.g. n< 15 by Mather’s result).
Then
(i) X is k-regular for k  d− r + n+ 1 + [(n− 2)(n− 1)]=2.
(ii) X is m-normal; i.e. h1IX (m) = 0; for m  d− r + n+ [(n− 2)(n− 1)]=2.
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